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Abstract 

An automorphism of a group G is called an IA-automorphism if it 
induces the identity automorphism on the abelianized group G/G'. Let 
IA(G) denote the group of all IA-automorphisms of G. We classify all 
finitely generated nilpotent groups G of class 2 for which IA(G) ~ Inn(G). 
In particular, we classify all finite nilpotent groups of class 2 for which 
each IA-automorphism is inner. As consequences, we give surprisingly 
very easy proofs of converse of Schur's theorem and also prove some other 
related results. 
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1 Introduction 

Let G be any group and let G' and Z(G) respectively denote the derived group 
and the center of G. By Inn(G) we denote the inner automorphism group of G. 
Following Bachmuth [2], we call an automorphism of G an IA-automorphism 
if it induces the identity automorphism on the abelianized group G/G'. Let 
IA(G) denote the group of all IA-automorphisms of G and let IA(G)* denote 
its subgroup consisting of those IA-automorphisms which fix Z(G) element- 
wise. IA-automorphisms have been well studied in past (see for example [2], 
[4], [5], [9], [11]). If G is a free group of rank 2, then it is a classical result of 
Nielsen [9] that IA(G) = Inn(G). Bachmuth [2] obtained the same result for free 
metabelian groups of rank 2. Recently Attar [1, Theorem 2.1] has proved that 
if G is a finite p-group of class 2, then IA(G) = Inn(G) if and only if G' is cyclic 
and IA(G) = IA(G)*. In section 2, we classify all finitely generated nilpotent 
groups G of class 2 for which (i) IA(G) ~ Inn(G) and (ii) IA(G)* ~ Inn(G). 
In particular, we classify all finite nilpotent groups G of class 2 for which (i) 
IA(G) = Inn(G) and (ii) IA(G)* = Inn(G). 

In the year 1904 Schur [12] proved the result: If the index of the center of a 
group is finite, then its derived group is also finite. We call this result as Schur's 
theorem. Neumann [8, Corrolary 5.41] proved the converse of Schur's theorem 
for finitely generated groups (the converse of Schur's theorem is not true in 
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general for example for an infinite extra-special p-group for an odd prime p). 
More precisely, he proved that if G is finitely generated and if its derived group 
G' has finite order, then the index [G : Z(G)] of the centre is also finite. We call 
this result as Neumann's theorem. Niroomand [10] generalized the Neumann's 
theorem to the following: If G' is finite and G/Z(G) is finitely generated by d 
elements, then 

\G/Z(G)\ < \G'\ d . (1) 

Sury [13] generalized Niroomand's result to the following: Let G be a group 
such that the set K{G) of its commutators is finite. Then G' is finite and if 
G/Z(G) can be generated by d elements, then 

\G/Z(G)\ < \K(G)\ d . (2) 

Recently Yadav [15, Theorem A] has further generalized Niroomand's and Sury's 
results and has raised the question: what can one say about non-abelian groups 
for which equality holds in (1)? He himself classifies, upto isoclinism, all nilpo- 
tent groups G of class 2 such that G/Z(G) is finite and equality holds in (1). It 
can be easily seen that if G is a finite p-group of maximal class, then equality 
holds in (1) if and only if \G\ = p 3 . In section 3, we prove that if G is a finite 
p-group of co-class 2 for which equality holds in (1), then G — p A or p 5 ; and 
give necessary and sufficient conditions for a finitely generated nilpotent group 
G of class 2 for which G/Z(G) ~ G' r ^ G ^ Zt " G ^ . As a consequence of the fact that 
Inn(G) < IA(G)*, we also obtain the converses of Schur's theorem proved by 
Niroomand [10], Sury [13] and Yadav [15, Theorem A]. Quite unexpectedly our 
proofs are easy, in- fact very easy. Yadav [15, Question 2] has also raised the 
question that if G is a finite nilpotent group for which the equality holds in (1), 
then is it necessary that G' is cyclic? We answer the question in negative and 
give a counter example of minimal possible order. 

By Hom(G, A) we denote the group of all homomorphisms of G into an 
abelian group A. For x e G, the set {[ai,<7]|(/ € G} of commutators is denoted 
as [x, G\. The frattini subgroup of G is denoted as $(G) and {G) a b denotes the 
abelianized group G/G'. By C p we denote a cyclic group of order p and by A™ 
we denote the direct product of n-copies of a group X. The rank of a group 
G is the smallest cardinality of a generating set of G. The rank, torsion rank 
and torsion-free rank of a group G are respectively denoted as r(G), d(G) and 
p{G). For a finite group G, G p , exp(G) and 7r(G) respectively denote the Sylow 
p-subgroup, exponent and the set of primes dividing the order of G. All other 
unexplained notations, if any, are standard. We shall use the following two well 
known lemmas very frequently without any further referring. 

Lemma 1.1 Let U,V and W be abelian groups. Then 

(i) if U is torsion-free of rank m, then Hom([7, V) ~ V m , 

(ii) if U is torsion and V is torsion-free, then Hom(U, V) = 1, and 

{in) if U and V are finite and exp([7) = exp(V), then Hom(U, V) ~ U if and 
only if V is a cyclic group. 
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Lemma 1.2 Let G be a finitely generated nilpotent group of class 2. Then 
exp(T(G/Z(G))) = exp(T(G')), where T(H) denotes the torsion part of a group 
H. 

Let G be a group and X be a central subgroup of G. If 6 € Hom((G/X) a fc, X), 
then Tg : G — > G defined as Tg{g) = g0(~g) is an automorphism of G, where ~g is 
the coset determined by g in (G/X) a t>. It is clear that 8 i— > T# is an isomorphism 
between Hom((G/X) a 6, X) and the group of all automorphisms of G that in- 
duce the identity on both X and G/X. This observation is from [4, Sec. 2] and 
is a little specific one. We can, in-fact, have the following more general result: 

Lemma 1.3 Let G be any group and Y be a central subgroup of G contained 
in a normal subgroup X of G. Then the group of all automorphisms of G that 
induce the identity on both X and G/Y is isomorphic onto Hom(G/X, Y). 

The following is an easy particular consequence: 

Lemma 1.4 Let G be a nilpotent group of class 2. Then 

IA(G) ~ Hom(G/G',G') and IA(G)* ~ Hom(G/Z(G), G'). 

2 IA-automorphisms 

Let G be a finitely generated nilpotent group of class 2. Let G/Z(G) ~ A x Z a , 
G/G' ~ B x Z b and G'~Cx Z c , where A, B, C are respective torsion parts and 
a,b,c are respective torsion-free ranks of G/Z{G),G/G' and G'. Let n(A) = 
{pi,P2, ■ ■ ■ ,Pd} and ir(B) = {pi,p2, ■ ■ ■ ,p e }, where d < e because G/Z(G) is a 
quotient group of G/G'. Suppose that 

m,i rii 

a p* - n c f and b v> - n c P ^ ■ 

3 = 1 * 3 = 1 * 

Then 

d rrii e rii 

i—lj—l i—lj—l 

where an > a i2 > . . . > a lmi , a 2 i > a 2 2 > • . • > a 2m2 , . . . , a<ii > a d2 > ...> 
a dmd and /3 n > fi 12 > . . . > Pi m , fci > P22 > ■ ■ ■ /?2™ 2 , ■ ■ ■ , Pel > Pe2 > ■ ■ ■ > 
P enc are positive integers. Since G/Z(G) is a quotient group of G/G', it follows 
that m,i < ni and < for alH, 1 < i < d and for all j, 1 < j < m^. We fix 
these notations, unless or otherwise stated, for the rest of this paper. 

Theorem 2.1 Let G be a finitely generated nilpotent group of class 2. Then 

(i) if G is torsion-free, then IA(G) ~ Inn(G) if and only if G' is cyclic and 
p{G/Z(G)) = P (G/G'). 

(ii) if G is not torsion-free, then IA(G) ~ Inn(G) if and only if one of the 
following four conditions holds: 
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(a) G is finite, rrii = rii for 1 < i < d, G' is cyclic, and for each i, 1 < i < d, 
either (G/Z(G)) Pi is homocyclic or an — au t for il < iU < i(r{ — 1) and 
Piti — O-iu f° r i r i < Hi < irii, where iri is the smallest positive integer between 
il and ini such that /3j ri < an- 

(b) G' ~ Z and p(G/Z(G)) = p(G/G'). 

(c) G' is torsion, G/G' is torsion-free and A ~ C b . 

(d) G/Z(G) and G' ~ C x Z are mixed groups, G/G' is torsion-free, A ~ C* 
and p(G/Z(G)) = p{G/G'). 

{Hi) IA(G)* ~ Inn(G) if and only if G' is cyclic. 

Proof, (i) First Suppose that IA(G) ~ Inn(G). Then 

IA(G) ~ Hom(G/G', G') ~ G/Z{G) 

by Lemma 1.4. If G/G' is finite, then G/Z(G) is finite and hence by Schur's 
theorem G' is finite, which is not so. Thus G/G ~ B x Z b , where b > 0. If 
GjZ(G) has a torsion element, then so does G', which is not so. Thus G/Z(G) 
is torsion- free. It then follows that Z bc ~ 7L a . Since a < 6, c = 1 and a = b. 
Hence G' is cyclic and p(G/Z(G)) = p(G/G'). The converse follows easily, 
(ii) It is not very hard to sec that if G satisfies any of the four conditions, then 
IA(G) ~ Inn(G). Conversely, if IA(G) ~ Inn(G), then 

Hom(B xZ 6 ,CxZ c )-Ax 7L a . (3) 

First suppose that G is finite. Then Hom(£>, G) ~ A. Since d(A) < d(B) and 
exp(A) = exp(G), G' is cyclic and thus G' ~ G pi «n x G P2 « 2 i x . . . x C Pd a dl . 
Observe that 

e rii d 

Hom(B, C) ~ HomCnn^-Il^ 1 ) 

■ i i * - i 

d rii d 

c Hom(nn c P f-n%") 

2— 1 j — 1 i— 1 

d rii d 

c n H ° m (ii c P f-n%-) 

i— 1 j — 1 i— 1 

c ^Hom^G^C^), 

i=i j=i 

d mi 

and A ~ J~J |Q G p °;j . It thus follows that for each i, 1 < i < d, 
i=ij=i 

rii mi 

This immediately implies that nij = rii. Now either > an for each j, 1 < 
j < n-i, or there exist smallest positive integer iri between il and irii such that 
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Pi ri < an. In the first case (G/Z(G)) Pi is homocyclic, and in the second case 
<%ii = oiiti f° r < iU < i{ri — 1) and pu t — au ( for iri < iti < ini. 

Next suppose that G is infinite. The derived group G" can be torsion, mixed, 
or torsion- free. First assume that G' is torsion- free. Then G/Z(G) is torsion- 
free and G/G' is not torsion by Schur's theorem. Equation (3) then implies that 
jbc r~j jo._ follows that a — b and c = 1. Next assume that G' is torsion. 
Then G/Z(G) is torsion by Neumann's theorem. If G/G 1 is torsion, then G is 
finite. If G/G' is torsion free, then (3) implies that A ~ G h ; and if G/G' is a 
mixed group, then (3) implies that A ~ Hom(S,C) x G b . Since d(A) < d(B), 
6 = and hence G is finite, which is not so. Finally assume that G' is a mixed 
group. Then G/G' is either mixed or torsion-free by Schur's theorem. If G/G' 
is torsion-free, then (3) implies that A ~ C b , a = b, c = 1; and if G/G' is 
mixed, then (3) implies that A ~ Hom(_B, C) x G b and a = be. It follows that 
a = b = 0. Therefore both G/Z(G) and G/G' arc finite. By Schur's theorem G' 
is finite and hence G is finite, a contradiction. 

(iii) If G' is cyclic, finite or infinite, then, by using Lemma 1.4, it is easy to see 
that IA(G)* ~ Inn(G). To prove the converse, first suppose that G is torsion- 
free. Then G' is torsion-free and hence G/Z(G) is torsion-free. It follows that 
Hom(Z a ,Z c ) ~ Z a , and hence G' ~ Z is cyclic. 

Next suppose that G is torsion. Then both G/Z(G) and G' are torsion. 
Thus Hom(A, G) ~ A and hence G' is finite cyclic. 

Finally suppose that G is a mixed group. Then either G' is a torsion, or 
torsion-free, or a mixed group. The case that G' is a torsion-free group can 
be handled as before. If G' is torsion, then G/Z(G) is torsion by Neumann's 
theorem and hence as above G' is finite cyclic. Now suppose that G' is a mixed 
group. Then G/Z(G) is either a mixed or a torsion-free group by Schur's theo- 
rem. If G/Z(G) is mixed, then Hom(A, G) xC°-A Since exp(A) = exp(G), 
a = and G' is a finite cyclic group. Finally if G/Z(G) is torsion- free, then 
Hom(Z a , G x Z c ) ~ Z a implies that G' ~ Z. □ 

Let Aut c (G) denote the group of all conjugacy class preserving automor- 
phisms of a group G. As a consequence of Theorem 2.1 (iii), which generalizes 
corollary 2.3 of Attar [1], we have the following small but significant generaliza- 
tion of corollary 3.6 of Yadav [14]. 

Corollary 2.2 Let G be a finitely generated nilpotent group of class 2 such that 
G' is cyclic and G/Z(G) is finite. Then Aut c (G) = Inn(G). 

Proof. The proof follows from the fact that Inn(G) < Aut c (G) < IA(G)*. □ 

Corollary 2.3 Let G be a 2-generated finite nilpotent group of class 2. Then 
any I A- automorphism of G is an inner automorphism. 

Proof. Observe that G' is cyclic and d(G/Z(G)) = d(G/G') = 2. Also G/Z(G) 
is homocyclic by [7, Lemma 0.4]. The result now follows from Theorem 2.1. □ 
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Corollary 2.4 Let G be a 2-generated torsion-free nilpotent group of class 2. 
Then IA(G) ~ Inn(G). 



Proof. Observe that G' ~ Z and p(G/Z(G)) = p(G/G') = 2. Thus IA(G) ~ 
Inn(G) by Theorem 2.1. □ 

Let G be a finite p-group of nilpotency class 2 and let G/Z(G) ~ Cp Qi 
and G/G' ~ > where a\ > a 2 > ■ ■ ■ > a t and S\ > 5 2 > ■ ■ ■ > S s are 

positive integers. Since G/Z(G) is a quotient group of G/G', £ < s and ojj < 5i 
for 1 < i < t. Attar [1, Theorem 2.1] has proved that if G is a finite p-group of 
class 2, then IA(G) = Inn(G) if and only if G' is cyclic and IA(G) = IA(G)*. 
Our next corollary, which is a particular case of Theorem 2.1, gives an explicit 
interpretation of this result. 

Corollary 2.5 LetG be a finite p- group of class2. ThenlA(G) = Inn(G) if and 
only if G' is cyclic, d(G/Z(Gj) — d(G/G'), and either G/Z(G) is homocyclic 
or cti — ct\ for 1 < i < r — 1 and 5i = cti for r < i < s, where r is the smallest 
positive integer such that 5 r < ot\. 

3 Converse of Schur's Theorem 

Let G be an arbitrary group such that G' is finite and G/Z{G) is finitely gener- 
ated. Let G/Z(G) be minimally generated by xiZ(G), x 2 Z(G), . . . , x d Z{G) and 
let a G IA(G)*. Then a fixes Z(G) element-wise and a(xi) = XiVi, where j/i G G' 
for each i, 1 < i < d. It thus follows that IA(G)* is finite and |IA(G)*| < \G'\ d . 
We have thus proved the following. 

Theorem 3.1 Let G be an arbitrary group such that r(G/Z(G)) and G' are 
finite. T/ien |IA(G)*| < |GT (G/Z(G)) - 

In particular, since Inn(G) < IA(G)*, we obtain the following main theorem 
of Niroomand [10]. 

Corollary 3.2 Let G be an arbitrary group such that r(G/Z(Gj) and G' are 
finite. Then \G/Z(G)\ < |G'| r ( G / z ( G » . 

Now, rather than G', suppose that [a^G] is finite for all i, 1 < i < d. Let 
a G G and let a be the inner automorphism of G defined by conjugation by a. 
Then a(xi) = a~ 1 x i a = Xi[xt,a]. Since | [cc^ , G] | = \xf\ < \K(G)\, we have thus 
generalized the main theorem of Sury [13] and proved Theorem A of Yadav [15] 
in the following theorem. 

Theorem 3.3 Let G be an arbitrary group such that G/Z(G) is finitely gen- 
erated by x\Z{G) 1 x 2 Z(G), . . . , XdZ(G) and [x i7 G] is finite for all i,l < i < d. 
Then \G/Z(G)\ < Uf =1 [x h G} and G' is finite. 

Theorem 3.4 Let G be an arbitrary group. Then Inn(G) is finite if and only 
iflA(G)* is finite. 



G 



Proof. If Inn(G) is finite, then G' is finite by Schur's theorem. It then follows 
from Theorem 3.1 that IA(G)* is finite. Converse is obvious. □ 



Niroomand [10] claims that inequality (1) is sharp and the bound he obtains 
is best possible. He gives example of the group Qs, the quaternion group of 
order 8, to support his claim. It is clear from Theorem 3.3 that bound obtained 
by Niroomand is not the best possible. The misinterpretation was because of 
the group G = Qs in which G' = [x, G] for all x e G — &(G). We observe from 
inequalities (1), (2) and Theorem 3.3 that 

\G/Z(G)\ <Uf =1 \[ Xi ,G}\ < \K{G)\ d < \G'\ d . 

It follows that if G is an arbitrary group such that G/Z(G) is finitely generated, 
G' is finite and equality holds in (1), then G' = K{G). In particular, if G is 
a finite group for which equality holds in (1), then G' = K{G). This gives a 
new tool for finding groups G for which G' — K(G) (for more details on this 
problem one can see the excellent survey article of Kappe and Morse [6]). Also 
observe that if the equality is achieved in (1) by a group G, then for that group 
Inn(G) = Aut c (G) = IA(G)*. It now becomes interested to classify the groups 
for which equality holds in (1). Of course it holds for all abelian groups. Yadav 
[15] also has asked the question that for what non-abelian groups equality holds 
in (1). He himself has classified, upto isoclinism, all such nilpotent groups G of 
class 2 with G/Z(G) finite. We here prove the following. 

Theorem 3.5 Let G be a finitely generated nilpotent group of class 2. Then 

G/Z(G)^G> HG/ziG » 

if and only if G' is cyclic and G/Z(G) is homocyclic. 

Proof. First suppose that G' is cyclic and G/Z(G) is homocyclic. If G' is 
torsion-free, then G/Z(G) is also torsion-free. It follows that 



G/Z(G) ~ Il^iz^)) ~ G' 



'(G/Z(G)) 



In case G' is finite, then G/Z(G) is also finite by Neumann's theorem. Since 
exponents of G/Z(G) and G' are same, G/Z(G) ~ G" r(G/z(G)) . 

Conversely suppose that G/Z(G) ~ G' .It is sufficient to prove that 

G' is cyclic. If G' is finite, then G' is cyclic by Theorem 2.1(iii). If G' is torsion- 
free, then G/Z(G) is torsion-free. Thus G' ~ If and G/Z(G) ~ Z a . Then 
7L a ~ Z ac implies that G' ~ Z is cyclic. Finally suppose that G' = G x Z c is 
mixed. Then by assumption A x Z a ~ (G x Z c ) r ( G / z(G ^. This is not possible 
because a < r(G/Z(G)) and cr(G/Z{G)) > r(G/Z(G)). □ 

Theorem 3.6 Let G be a finite non-abelian p-group of co-class 2 for which 
equality holds in (1). Then \G\ = p 4 or p 5 . 
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Proof. Let |G| = p n . Then p < \Z{G)\ < p 2 and p"" 3 < \G'\ < p n ~ 2 . Let 
C* denote the group of all automorphisms of G which centralize both G/Z(G) 
and Z(G). It follows by assumption that IA(G)* = Inn(G) and by Lemma 
1.3 that C* m Uom(G/G',Z(G)). Observe that if Z(G) < G' , then C* < 
IA(G)* = Inn(G) and thus G* = Z(Inn(G)). Since d(G) > 2, Z(Inn(G)) 
cannot be cyclic. First suppose that |Z(G)| = p. Then \Z 2 (G)\ = p 3 and 
|G*| = |Z(Inn(G))| = p 2 . Thus d(G) = d(G/Z(G)) = 2. If |G'| = p n ~ 2 , then by 
(1) n = 3, which is not possible; and if |G'| = p™~ 3 , then by (1) n = 5. Next 
suppose that |Z(G)| = p 2 ■ Then Z(G) is not contained in G', because then 
Z(Inn(G)) is cyclic. If |G'| = p n ~ 2 , then G' = $(G) and thus d(G/Z(G)) = 1, 
a contradiction. Therefore G' = p"~ 3 , d{G/Z{G)) = 2 and hence n = 4 by (1). 
□ 

We end up the section by giving a counter example of minimal order to the 
following question posed by Yadav [15, Question 2]: Let G be a finite nilpotent 
group for which equality holds in (1). Is it true that G' is cyclic? It follows from 
Theorem 2.1 (hi) that if there is a finite p-group G for which equality holds in (1) 
but G' is not cyclic, then it cannot be of class 2 or of maximal class and hence 
its order must be bigger than p 4 . Our group is of order 32 with elementary 
abelian derived group. 

Example: Consider the group 

G = (x, y\x 2 y- 4 = [x, y, x] = [x, y, y]y^ 4 = 1} 

which is of nilpotency class 3. Since d(G) = d(G/Z(G)) = 2, Z(G) < $(G). 
Take u = [x, y\. It is easily seen that every element of G is of the form x t y : >u k , 
1 < i,k < 2, 1 < j < 8; and \x\ = 4,\y\ = 8, \u\ = 2. Since |$(G)| = 8, 
$(G) = {y 2 ,u). It is easy to see that Z{G) = {y 4 } and \Z{G)\ = 2. If |G'| = 8, 
then |7 3 (G)| = 4 by [3, Theorem 1.5], a contradiction to 73(G) < Z(G). Thus 
|G'| = 4. Since y 4 ,u e G' are of order 2, G' is elementary abelian. It is obvious 
that |G/Z(G)| = 2 4 = |G'| 2 . □ 

Acknowledgement. Financial support of Council of Scientific and Industrial 
Research, Government of India for the research of second and third author is 
gratefully acknowledged. 
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